Using perturbation theory the first order dispersive correction to the Casimir energy between two plates separated by a dielectric material is calculated. It falls off with the plate separation as 1/L 6 . The result is derived both from evaluation of the zero-point energy and within the Lifshitz formulation. It is pointed out that a possible surface term can be more important, varying like 1/L 5 .
The attractive Casimir force [1] per unit area between two parallel, metallic plates separated by a distance L, has the well-known value
Today there exists a large literature around this quantum phenomenon [2] and its experimental verifications [3] .
In more realistic situations one can consider the same system with a dielectric medium between the plates instead of an ideal vacuum. At low energies, i.e. for long wavelengths, this medium can be considered to be continuous with a refractive index n > 1 given by the square root of the dielectric constant. The resulting Casimir force in this case was calculated by Brevik and Milton using the Minkowski formalism for the electro-magnetic energy-momentum tensor and with field correlators obtained from the fluctuation-dissipation theorem combined with more standard Green's functions methods [4] . After a rather lengthy calculation they obtained a force which was simply the ordinary vacuum result (1) reduced by the factor n. The same result was independently obtained by Teo [5] based on a derivation similar to the alternative Lifshitz theory [6] .
Originally, the Casimir force was explained by the fluctuations of the electromagnetic field in the vacuum between the plates, giving rise to the zero-point energy E = (1/2) kh ω k where k denotes the wave vectors and ω k = ck are the corresponding frequencies. Due to the restricted geometry between the plates, the wave vectors are quantized and have typical magnitudes set by the separation L. The velocity of light in the medium will have the reduced value c → c/n. Thus the zero-point energy is smaller by the same factor and therefore also the Casimir force. From this point of view [7] , the result of Brevik and Milton then follows directly without any calculations.
All the above derivations of the material Casimir force assume that the electromagnetic waves in the medium suffer no dispersion, i.e. that the refractive index n is independent of the frequency ω. Usually this dependency is very complex, depending on the detailed absorptive properties of the material. Since the dominant contributions to the Casimir force come from rather low frequencies set by the plate separation L and assuming in the simplest case no such absorption, the dispersion is then described by the Cauchy formula [8] n(ω)
where n 0 and n 1 are constants.
In order to calculate the effect of this dispersive correction, consider first the derivation of the Casimir energy when n is constant. Using units so thath = 1 and the light velocity in vacuum c = 1, the total zero-point energy per unit plate area is
including the contribution from the two polarization directions. The quantized frequencies follow from the boundary conditions which give
The sum-integral (3) is obviously divergent. For our purpose it is convenient to define it as the regularized value of
Since the needed value of the Riemann zeta-function is ζ(−3) = 1/120, we have the finite result E 0 = −π 2 /720n 0 L 3 for the zero-point energy between the plates. The force between them now follows from F = −dE/dL = −π 2 /240n 0 L 4 in agreement with the known result [4, 5] .
The dispersive correction ∆E resulting from (2) will be small and can be derived the same way from (3) by the replacement 1/n 0 → 1/n(ω) = 1/n 0 − n 1 ω 2 /n 2 0 to lowest order. It gives
since ζ(−5) = −1/252. Combining this with the above zero-order result, we have for the full fluctuation energy per unit plate area
The effect of the obtained correction is seen to be greatest at the smallest plate separations. In fact, from (2) we know that the dispersive part should satisfy n 1 ω 2 < n 0 in order to be treated as a perturbation. Since n 0 = O(1) and the important frequencies are set by ω = O(2π/L), we should have that n 1 /L 2 < 1/4π 2 . Our result is therefore only valid for plate separations L > 2π √ n 1 . In this region the correction is therefore expected to satisfy ∆E/E 0 < 1/(14n 3 0 ).
Above we have derived the effect of dispersion in a somewhat phenomenological way. The zero-point energy is a consequence of the quantization of the electromagnetic field in the medium and it requires therefore a more fundamental formulation. This was recently suggested by the introduction of an effective Lagrangian for the electromagnetic field in a dielectric medium with dielectric constant ε, assumed to be spatially constant [9] . It is obtained by adding higher-order operators to the free Lagrangian
where the index of refraction n now is a constant. Both the field operators here have dimension four in the units we now use. The next possible operator has dimension six and is ∆L 1 = a 1 E·∇ 2 E where the constant a is set by the properties of the medium.
It is now easy to show that when this is treated as an ordinary perturbation, its net effect is described by the dispersion relation (2) . Among several possible operators with dimension eight, one can similarly show that ∆L 2 = a 2 (∇ 2 E) 2 describes a dispersive correction ∝ ω 4 which is smaller than what results from the previous operator. All these operators will modify the zero-point energy coming from (7). The actual magnitudes of these corrections can be calculated by using standard methods from perturbative quantum field theory [10] . Needless to say, from the above dimension-six operator the lowest order correction (6) will thus result.
An alternative to this field theory description of the Casimir effect, one also has the Lifshitz formalism [6] . Here the properties of the confining plates can be taken more directly into account. When these are ideal metals and the substance between them can be assigned an index of refraction n(ω), the Casimir energy is given by
where the lower limit of integration is κ 1 = n(iξ)ξ. With the Cauchy dispersion relation (2) it becomes κ 1 = n 0 ξ − n 1 ξ 3 . The integral can therefore be split into two parts E = E 0 + ∆E with
and
where now κ 0 = n 0 ξ. The first term represents the leading term (5). This follows from rewriting the double integration as
Expanding the logarithm and integrating, one then obtains
since the sum is given by ζ(4) = π 4 /90.
The correction (10) can be similarly evaluated. To first order in the dispersive correction it becomes
where in the integral we have used ζ(6) = π 6 /945. We thus find the same total Casimir energy (6) as obtained directly from the zero-point energy between the plates.
In addition to this dispersive correction, one also expects higher-order quantum effects to modify the result as for the Casimir energy in vacuum [11] . These were later shown to be described by a surface term in the effective action [12] . It corresponds to the free Lagrangian (7) constrained to the plates and reduced by an effective coupling constant. Since it appears in one spatial dimension less, its net effect to the Casimir energy will be similar to a dimension-five bulk operator and thus vary with the separation like 1/L 5 . Its overall magnitude can be calculated in vacuum [13] , but for the interface between a dielectric medium and a metal plate, it's not clear what the magnitude of the corresponding coupling constant will be. If it is sufficiently large, it will dominate over the dispersive correction calculated here.
